Quantum Chernoff bound as a measure of nonclassicality for one-mode Gaussian states 
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We evaluate a Gaussian distance-type degree of nonclassicality for a single-mode Gaussian state of 
the quantum radiation field by use of the recently discovered quantum Chernoff bound. The general 
properties of the quantum Chernoff overlap and its relation to the Uhlmann fidelity are interestingly 
illustrated by our approach. 
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PACS numbers: 03.67.Mn; 42.50.Dv 

Nonclassicality of a multimode state of the quantum 
radiation field is usually identified by inspection of its 
diagonal P representation. States possessing a well- 
behaved P representation are termed classical [lj. On 
the contrary, a negative or a highly singular P represen- 
tation (i.e., more singular than Dirac's 8) characterizes a 
nonclassical state. A quantitative measure of nonclassi- 
cality was first proposed by Hillery as a properly de- 
fined distance between the given nonclassical state and 
the convex set of all classical states. However, the trace 
metric employed in Refs.[2| turned out to be difficult 
to deal with analytically. Therefore, the original defini- 
tion of a nonclassical distance was subsequently modified 
twofold: first, by restricting the set of all classical states 
to a tractable subset identified by a classicality criterion, 
and second, by using more convenient distances between 
Gaussian states. Specifically, we mention the Hilbcrt- 
Schmidt @ and the Bures metric H, Q, as well as the 
relative-entropy measure in Refs.[j,la|. Note also the re- 
cent work on defining a distance-type polarization degree 
in Refs.@. As shown in Refs. 0, IK , any good distance- 
type measure of nonclassicality has to satisfy several re- 
quirements, which proved to be of both principled and 
practical importance. The Bures metric [7] singled out 
among the proposed distance measures by its conspicuous 
distinguishability features 0] and its complete agreement 
with the Lee's nonclassical depth [9[. 

The present work parallels previous papers 0, Q in 
studying nonclassicality of one-mode Gaussian states by 
use of distance-type measures with remarkable distin- 
guishability virtues. We here propose a nonclassic ality 
measure built with the quantum Chernoff bound [l(| Ef , 
whose main properties we briefly recall in what follows. 
In the symmetric quantum hypothesis, let p and a be two 
equiprobable states of a quantum system. We denote by 

Pmin (P; a ) t ne minimal error probability of discriminat- 
ing these states in n independent tests on identical copies 
of the system, all of them prepared in the same state, 
which is either p or a. The optimal asymptotic testing 
[n —y oo) leads to an upper bound called the quantum 



Chernoff bound, 



£qcb{p,o-) ■= - lim i - In 

n— >oo n 



(i) 



Quite recently, it has been proven an intrinsic formula 
for this bound Him : 



£,QCb(p, o) 



In 



min Tr(p s (T 1_ 

0<s<l 



(2) 



The question of finding the above minimum is the quan- 
tum counterpart of a classical Bayesian probability prob- 
lem formulated and solved long ago by Herman Chernoff 
[T3 |. The quantities 



Q s (p,a) :=Tr(pV- 



(3) 



are the quantum analogues of the classical Renyi overlaps 
discussed in Ref.[8(] as being distinguishability measures 
in their own right. According to Eq. ([2]), their minimum 
determines the quantum Chernoff bound: 



Q{p,°) ■= min Qs(p,o-) 

0<s<l 



exp[-Cocs(p,cr)] ■ (4) 



In what follows, the non-negative function Q(p, a) de- 
fined in Eq. ^ will be termed the quantum Chernoff 
overlap of the states p and a. Notice that Q(p, a) < 1 
and its maximal value is reached when the states p and 
a coincide. 

Let us denote by ||^4||i := Tr|yl| the trace norm of a 
trace-class operator A. Originally, Hillery employed the 
trace metric 2T(p, a) :— \\p — cr\\i to define the nonclassi- 
cal distance [||. In the symmetric particular case s = i, 
Holevo proved the following pair of inequalities [I3| : 
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1 - Qi/ 2 (P, a) < T(p, a) < ^1 - [Q 1/2 (p, a)] . (5) 

Equation (|5|) shows that the trace Qi/2(p, o~) is a measure 
of distinguishability as good as the trace metric 2 T(p, a). 
Having Q(p,a) < Qi/2(p, c), Holevo's second inequality 
in Eq. ([5]) provides the upper bound of the Chernoff over- 
lap Q(p, er) in terms of the trace distance, Q 2 < 1 — T 2 . 
The lower bound Q > 1 — T was proven in Refs.flll]. 
so that the inequalities ([5]) still hold when replacing 
Qi/2(/°j cr ) by Q(Pi fT )- We write them down below to- 
gether with some oth er p roperties of the functions Q B 
and Q proven in Refs.[ll|: 
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1. Relations to the trace distance: 



1 - Q(p, a) < T{ Pl *)<y/l- [Q(p, a)Y . 

2. Convexity in s of the trace Q s (p,cr), Eq. (|3"|). As a 
consequence, Q(p, cr) is the unique minimum of the 
Renyi overlaps Q s (p, a) . 

3. Joint concavity in {p, a} of the Renyi overlaps Q s 
and of their lower bound Q. This means that the 
Renyi overlaps between a given state, say p, and an 
arbitrary set of states display a unique maximum. 

4. Multiplicativity ofQ s , 

Q s {pi <8 P2,<7\ ® cr 2 ) = Qs(pi,o-i)Q s (p2,o- 2 ), 
which is equivalent to the identity: 
Tr [( Pl ® p 2 ) s (a 1 <g> * 2 ) 1 -] = ■RfpJgxrJ-) Tr(p|(g)^- S ). 

5. Invariance of Q{p, o~) under unitary transforma- 
tions. 

6. Monotonic increase of Q(p,a) under completely 
positive, trace-preserving maps. 

In Refs.ficil.fl4l] the relation between the Chernoff over- 
lap and the Uhlmann fidelity is largely discussed. Re- 
call that Uhlmann introduced the fidelity J-(p, a) of 
two mixed states, p and cr, as the maximal quantum- 
mechanical transition probability between all purifica- 
tions of the given states [Hj]. Uhlmann wrote the dis- 
tance ds between two states discovered by Bures [7( in 
terms of the transition probability T as [dsip, cr)] = 
2[1— y/ !F(p, cr)], and succeeded in finding an explicit ex- 
pression of the fidelity [lj|: 



T{p,a) 



Tr \Upajp 



n 2 



(6) 



The above formula, T{p 1 a) = (| \sfp\fo\ |i) 2 , combined 
with a result of Fuchs and van de Graaf in Ref . [TtJ pro- 
vides two important bounds: 



(7) 



When one of the states is pure, Q(p, cr) equals the fidelity 
[Tij and has thus the significance of a transition probabil- 
ity: Q(p, cr) = F(p, cr) = Tr(pcr). \f~T shares with Q s and 
Q the properties 1 and 3-6, which are precisely the de- 
mands for a genuine measure of nonclassicality, stated in 
Ref. Q ■ In view of these properties, we introduce here an 
ideal Chernoff degree of nonclassicality for an arbitrary 
state p: 



D^\p) :=min[l-Q(p,/)], 

p'SC 



(8) 



where C is the set of all classical states. According to Eq. 
0, the Chernoff degree of nonclassicality © vanishes 



when the given state p is classical. Definition {8]| implies 
the maximization of the Chernoff overlap Q{p, p') over 
the whole set of classical states p' eC. 

We will focus on the nonclassicality of single-mode 
Gaussian states of the radiation field, which are espe- 
cially useful in experiments. Taking advantage of their 
simple parametrization, we apply the definition (|5J| to 
evaluate a Gaussian degree of nonclassicality, just as in 
Refs.Jl, Such a Gaussian approach consists in replac- 
ing the reference set C of all classical one-mode states by 
its subset Cq consisting only of Gaussian ones. 

Recall that any one-mode Gaussian state pa can 
be parametrized as a displaced squeezed thermal state 
(DSTS) [3: 



PG 



D(a)S(r,<p)prSt(r,<p)Di{a) 



(9) 



Here D(a) = exp(ao' — a* a) is a Weyl displacement 
operator with the coherent amplitude a, S(r, ip) = 
exp {^r[e 1(p (a^) 2 — e _Iv a 2 ]} is a Stoler squeeze operator 
with the squeeze factor r and squeeze angle ip, and 



Pt 



1 ^ 

n=0 



1 



\n)(n\ 



(10) 



is a thermal state with the Bose-Einstein mean occu- 
pancy n = [exp(phuj) — 1] . 

We consider a nonclassical single-mode Gaussian state 
pa whose parameters are: a, cp, n, and r > r c := 
\ ln(2n + 1). Any classical one-mode state p' G £ Co is 
identified by its parameters a' , ip' , n' , and r' subjected 



to the classicality condition r' < 



§ ln(2n' + 1) 



When employing Eq. 1(5)), the Gaussian degree of non- 
classicality of the state pa reads: 



D { C \pg) :=1 



max Q(p G , Pa)- ( n ) 
P G ec 



We evaluate the Renyi overlap ([3]) of the pair of states 
{Pg-i p'g\ as a Hilbert-Schmidt scalar product: 



Q S ( PG , p' G ) = - d 2 X X * G (s, A) X k(l - s, A). 

7T 



(12) 



In Eq. (TT2|) . xg(s,X) and XgQ ~ S 'A) are the weight 
functions in the Weyl expansions of the one-mode Gaus- 
sian operators (pg) s and (Pg) 1_S > respectively. We write 
down the explicit expression 



Xg(s, A) 



, -< \ g — — exp 
[n + l) s — n s 

x exp [Xa* — X*a] 



|A| 2 
(13! 



with the notations 
f(s,n) := 



(n+ l) s 



(0 < s < 1); 



A := cosh(r)A - e iip sinh(r)A* 
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As shown in Ref. [181]. Appendix A, the Gaussian integral 
in the r. h. s. of Eq. ([T2")) can be readily performed to 
get the formula 



Qs(pc 



Pg) 



1 



x exp 

where we have denoted: 
1 



-f(s,n)f(l-s,n') 
K\M\ 2 + 3te(L*M 2 



1 



VK 2 ~\L\ 



K 2 



(14) 



nonclassical state pa, the optimal parameters s and r' 
cannot be determined analytically. This situation is sim- 
ilar to that encountered when using the relative entropy 
as a measure of nonclassicality for single-mode Gaussian 
states in Ref.[5J. According to Eq. (fTF)) . Q G = Qg(s, f) 
is a saddle point of the function ([TB|) . 

The saddle-point numerical results can be seen in 
FigJTJ where the Renyi overlaps Qg(s, r') are plotted ver- 
sus the variables s and r' . 



K := 



f(s,n) + 



L := 



cosh(2r) 



f(s,n) + 



f(l-s,n') + 



/(l — s, n') + i 

e lv sinh(2r) 
e V sinh(2r'), 



cosh(2r'), 



M := a — a. 



(15) 



We mention that an equivalent expression of the Renyi 
overlap Q s (pg, Pg) nas already been found in Ref.[19( as 
Eq. (91) thereof. Maximization of Q s (p G , p G ), Eqs. (fT4|) 
and (jTSJ) , with respect to the displacement a' and the 
squeeze angle ip' yields obvious values of these parameters 
for the closest classical state p G : a' = a and (p' = p. It 
turns out that nonclassicality is invariant under classical 
operations such as translations and rotations. A natural 
assumption is that p' G belongs to the boundary of the set 
C of all classical one-mode Gaussian states: p G € dC$. 
This means that the closest classical state p' G is at the 
classicality threshold specified by the condition r' = r' c := 
| ln(2n / + 1) ■<=>■ n' — e r sinh(r'). After introducing all 
these findings into Eqs. (fl"4"]) and P^)) . the Renyi overlap 
Qs(pG)Pg) becomes a two-variable function: 

Q G {s,r') = {[(n + lJ'sinh^V)-**"^ 1- *^)] 3 
+ [cosh 2(1 - s) (r') - sinh 2(1 - s) (r') 

x [(fi + l) 2s - n 2s ] cosh 2 (r - r')}^' 2 
xexp[-(l - s)r']. (16) 

Let us denote by Q G the maximum of the Chernoff over- 
lap in the r. h. s. of Eq. (fTTj) : 

(17) 

We aim to find the value Q G of the function (fTB|) that is 
reached for a pair of optimal values of its variables, here- 
after denoted by s and f' : Q G = Q G (s,f'). An analytic 
solution can be found only if p G is a pure state, namely, 
a displaced squeezed vacuum state. Indeed, when setting 
n = into Eq. P^|) . we readily get the corresponding 
solution: s — 0, f = 0, Qg = sech(r). For any mixed 




QJs,r' 




FIG. 1: (Color online) Displaying the saddle-point evalua- 
tions. The function QG(s,r'), Eq. (TT6[l . is plotted versus r' 
and s for two nonclassical Gaussian states having the parame- 
ters: a) r = 2, fi = 1, for which we get the saddle-point values: 
Qg = 0.617, f' = 1.265, s = 0.283; b) r = l,n = 0.5, with 
the saddle-point results: Qg = 0.893, r = 0.653, s = 0.387. 

It is now interesting to compare the present results 
with similar ones, found previously by using the Bures 
metric to quantify the nonclassicality of one-mode Gaus- 
sian states. In Ref. [4], a Gaussian degree of nonclassical- 
ity has been defined as follows: 



d o B) (pg) ■= 1 - max JT{p Gl p' G ). 
p G ec v 



(18) 



Maximization of the fidelity could be performed analyti- 
cally to give the simple result 



T := max F{pg, Pg) = sech(r 

p'g eC o 



(19) 
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FIG. 2: (Color online) Chernoff degree of nonclassicality D 
(full line), Eq. (flT) . Bures degree (dashed line), Eq. 

(|18|) . versus the thermal mean occupancy n for nonclassical 
states with the squeeze factor r = 2. We have also plotted the 
corresponding saddle-point values r' (double-dot dashed line) 
and s (dot-dashed line). 




FIG. 3: (Color online) Displaying the inequalities (0 for 
the saddle-point value Qg- Variation of the optimal Cher- 
noff value Qa (full line), the optimal fidelity T (dotted line) 

and (dashed line) with the mixedness of the nonclassical 
Gaussian state pG- The squeeze parameter is r — 2. 



We present in Fig. [2]the degrees of nonclassicality (jTTJ) 
and (|18[) as functions of the mixedness parameter n at a 
fixed squeeze factor r > 0. They have close graphs over 
the whole nonclassicality domain of the squeezed thermal 
state pa'- < n < n c := e r sinh(r). Also plotted are the 
corresponding saddle-point parameters s and f'. Both of 
them are increasing functions of the variable n, starting 
from the pure-state values s = and f' = 0, and ending 
at the threshold values s = | and r' = r, respectively. 
Making use of Eq. (|16[). we have proven that if r = r' c , 
then the optimal s tends to |. The curves in Fig. [2] 
are in fact calibration graphs for an easy reading of the 
nonclassicality properties of the squeezed mixed state pa- 
in addition, the bounds in Eq. ([7]) are illustrated in Fig. 

[3] by plots of the optimal values Qg, £■> and \[~T versus 
the thermal mean occupancy n of the nonclassical state 
Pg- Inequalities ([7]) are clearly displayed in this figure: 
Qg coincides with T for pure states (n = 0) and becomes 
rather close to \[~T as the degree of mixing increases. 



To conclude, in this work we have shown that the re- 
markable properties of quantum Chernoff bound can be 
used to discriminate between a (nonclassical) state and 
a set of (classical) states. We have chosen the class of 
one-mode Gaussian states, for which an explicit expres- 
sion of the Renyi overlap is recovered as Eqs. (jT4j) and 
(jTBJ . In general, the Chernoff overlap Q(pc, p'q) could 
be computed only numerically, while analytic expressions 
of the corresponding fidelity T{pc, Pg) are a * hand for a 
long time [201 ] . However, the numerical calculation of the 
Chernoff degree of nonclassicality by saddle-point meth- 
ods is straightforward and can be performed with great 
accuracy. Our present results are consistent with the 
analogous ones obtained previously by use of the Bures 
metric, in accordance with the general relations between 
the Chernoff overlap and the Uhlmann fidelity. 
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